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SIAMARY 


Tills  research  memorandum  presents  a  unified  treatment  of  the  assump¬ 
tions  and  theoroms  concerning  the  distribution  of  radial  error,  and  demon¬ 
strates  its  statistical  application  in  war  gaming.  Tlie  density  function 
and  cuBularlve  distribution  function  of  the  ledial  error  are  derived  and 
grapned  for  one,  tvo,  and  three  dimensions,  for  each  of  these  cases, 
formules  are  given  for  the  expectation,  standard  deviation,  and  median  of 
the  radial  error.  TabJ^es  of  pertinent  conversion  are  provided.  Results 
are  given  for  the  distribution  of  detonation  points  in  three  dimensions 
that  are  useful  in  var  games  employing  atomic  rockets  or  torpedoes. 


8-29-58 

lii 


LIST  or  SYMBOLS 


Symbol 

Daflnltlao 

Kquation 

a 

n 

« 

ratio  of  a  to  0 
n 

(56) 

m 

normalizing  conatant  in 

(3) 

D(-) 

m 

standard  derlatioo  of  • 

m 

ratio  of  0  to  a 
n 

(20) 

s(-) 

• 

expectation  of  • 

e 

n 

■ 

ratio  of  u  to  a 

Tk 

(15) 

a 

evsttulative  distribution  of  radial  error  R_ 

n 

(M 

• 

density  function  of  radial  error  R^ 

(2) 

S(x) 

• 

standard  Gaussian  density  function 

(1) 

m 

k-th  derivative  of  g(x) 

\(s) 

m 

cumulative  distribution  function  of  standardized 
radial  error  S 

n 

(51) 

\{») 

m 

density  function  of  standardized  radial  error 

(52) 

I(t,u) 

m 

incomplete  Gaaaa  function  ratio 

J(x) 

m 

integral  of  g(t)  from  0  to  x 

m 

chi-square  density  function  vlth  n  degrees  of  freedom 

M(*) 

m 

median  of  * 

n 

m 

dimension  of  rectangular  coordinate  space 

p(*) 

m 

probability  of  • 

StC^) 

m 

Hermlte  polynomial  of  order  k 

R 

n 

m 

radial  error  random  variable 

r 

m 

dvnmay  variable 

S 

n 

m 

standardl  .-.ed  radial  error  random  variable 

■ 

m 

dummy  variable 

P-i475 

6-29"i’2 

iv 


TABU  or  canmiTO 

SUMURY . 11 

I.  nfTRODucnof . i 

II.  DISTRIBtTriOK  cr  TRS  RADIAL  ERROR .  3 

III.  BCRBCTATICH  AND  STANDARD  DEVTATION  CT  THK  RADIAL  QtRCR . 9 

IV.  MSDIAX  or  THE  R/V-.CAL  ERROR . . . 12 

V.  STANDARD  RADIAL  BOOR... . 

71,  STATISTICAL  APPUCATIOII  IN  WAR  OWMINO . 29 

REWREWCES . 25 


LIST  OF  SYMBOLS  (Contlnutd) 


Symbol 


u 

v(-) 


n 

nt) 

f7(u) 


Dsf Inltloc 

dummy  variabla 
duamiy  variable 

rarlance  of  • 

2  ? 

ratio  of  0  to  <j 
n 

i-th  randon  coordinate 
1-th  reotao^^ilar  coordinate 
product  of  a  and 
median  of  R 

n 

Oaona  function 
ineonplete  Gasima  function 
expeetatloD  of  X 
ezpeetatloa  of  R 

n 

variance  of  X 
variance  of  R 

n 

standard  devlatlOD  of  1-th  coordinata  in 
ellipsoldsLl  eaae 


Equation  Ref. 


.18) 


(58) 

(37) 


(IM 

(IT) 


P-iH75 

8-29-50 

1 


I.  INTRODUCTION 


When  6tuil>'in^  a  phycl^aL  cyetem,  it  is  frequentjy  necessery  to  devise 
a  nathenatical  model  involving  the  distribution  of  the  length  of  a  random 
vector  whose  cooiponentB  are  independently,  nonaally  distributed  about  the 
origin  vltii  variance  <>.•  A  model  of  this  type  is  often  uselul  in  the 
phybicaJ.  sciences  and  nac  been  emjiloyed  by  operations  analysts  in  the 
theory  of  bonblng  error.  Tr.is  research  memorandum  defines  such  a  model, 
investigates  its  theorebical  properties,  and  applies  it  to  the  statistical 
distribution  of  weapon  radial  error  in  war  gaming. 

In  WBur  gaming  when  the  desired  ground  zero  for  on  atomic  weapon  is 
given,  the  actual  gio'ind  zero  can  be  statistically  determined  by  random 
sampling.  Tlie  statistical  teclmlque  for  doing  this  it  alsmantary,  but  no  one 
has  bothered  to  spell  It  out  in  n  step-by-step  manner  for  the  use  of  per¬ 
sons  unfainillar  with  statistics.  Moreover,  the  three-dimensional  case  has 
not  been  fully  treated  previously  despite  the  fact  that  atomic  rockets  and 
torpedoes  aire  critical  weapons  in  many  detailed  war  games.  Consequently, 
it  is  believed  that  a  unified  treatment  of  tbs  assumptions  and  theorems 
concerning  the  dlstrtbution  of  weapon  radial  error  is  needed  for  ready 
reference.  Pomulas,  derivations,  graphs,  and  constants  for  the  one,  U.'o, 
and  three-dimensional  cases  are  collected  here  to  aid  the  operations 
analyst,  and  an  example  is  given  to  illustrate  the  application  of  the 
statistical  model. 

It  Is  assumed  that  the  n  rectangular  ooordlnates  of  the  detonation 
point  are  mutually  Independent  and  that  each  has  a  C-aussian  distribution 
with  expectation  zero  aii  I  variance  Tlius  the  model  is  based  on  the 

n-dlmsnsional  sperical  G  iiisaiaii  distribution  since  the  coordinates  have  a 
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coomoo  variance.  In  an  ellipsoidal  model  where  the  standard  deviations 
are  unequal  we  have  the  approximation 

1/n 

0  “  ( •  0^ )  . 

This  Is  a  good  approximation  when  the  standard  deviations  are  nearly 
equal,  and  It  Is  still  adequate  when  the  largest  standard  deviation  Is 
twice  the  saallest.  For  extreme  ellipsoids,  however,  the  above  approxi¬ 
mation  should  not  be  used„ 

The  statistical  method  of  determining  the  detonation  point  requires 

Just  three  inputs:  the  aiming  point,  the  direction  of  approach  to  the 

« 

target,  and  the  tseans  of  delivery  of  the  weapon.  From  the  first  two  we 
construct  a  rectangular  coordinate  system  at  the  aiming  point  with  one 
axis  oriented  along  the  approach  direction.  From  a  knowledge  of  the  means 
of  weopon  delivery  ws  choose  a  median  radial  error.  The  median  radial 
error  in  the  one,  two,  and  three-dimensional  eases  is,  respectively,  the 
linear  probable  error,  the  circular  probable  error,  and  the  spherical 
probable  error.  '.Jslng  a  inversion  factor  derived  here,  the  median  radial 
error  is  converted  into  a  standard  deviation.  Finally,  each  of  the  n 
coordinates  is  selected  from  a  table  of  random  Saussian  numbers  corres¬ 
ponding  to  this  standard  deviation, 

flencrally  tlie  terminology  and  notation  used  here  conform  to  that  of 
current  books  on  probability  and  statistics.  For  example,  following  the 
modem  trend,  random  variables  are  capitalized  to  distinguish  them  from 
ordinary  variables, 

«  — 

Mathematically,  t>  .3  iriput  is  required  only  in  the  ellipsoidal 
model;  howewer,  because  if  tactical  considerations  It  is  often  useful 
in  the  spherloal  model. 


II.  DiamiBUTioit  or  thk  mdial  bmok 
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To  find  th*  dlotrlbution  of  tho  radial  •rror  In  ana,  tt»,  and  thraa 
dlaanalont  no  vlU  darlvo  tha  ganaral  funetlon  and  than  sat  n  aq[ual  to 
2,  and  Lat  n,a^)  danota  that  tha  randan  varlabla  X  has  a  Oausslsn  • 

distribution  vlth  azpdotatlon  ^  and  vmrlanoa  o^,  l.a.,  tha  danslty  function 
for  X  Is 

a-/S 


Lat 

g(x)  •  — ^  -•s<x<<»  (1) 

vsr 

ba  tha  density  funetlon  of  a  standard  Gaussian  randan  varlabla  X.  Also  lat 
'^(X;  n)  danota  that  tha  randan  varlabla  X  has  a  Chlosqpiara  distribution 


vlth  a  dagraas  of  fraadon,  l.a.,  tha  density  function  for  X  is 


K(x)  - 


rTn/2)2°^^ 


^n/2-1  ^.x/2 


X  ^  0. 


Assuming 

^(Xj^;  0,  0^)  for  1  -  1,  ...,  n 

va  saa  by  division  that 

Jb{Xj<s’,  0,  1)  for  1  -  1,  ...,  n. 

But  tha  square  of  a  standard  Gaussian  randan  varlabla  has  a  Chl-squara 
distribution  vlth  one  dsgraa  of  fraadon,  l.a., 


9C?(X^/c®;  1)  for  1  -  1,  ...,  a. 

Noroovar,  tha  sun  of  n  Indapandant  Chl-squara  randan  variables  vlth  one 
dagraa  of  fraadon  has  a  Chl-squara  distribution  vlth  n  dagraas  of  fraadon,  l.a., 

1-1 
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Slacft  the  n-dloenslonal  radl&l  error  racdon  variable  Is  deflaed  by 

n 

,2 


a 


12 


1-1 


we  lee  that 


(R^/o  ;  n). 


2  2 

So  the  denalty  function  for  R^/o  !• 


.n/2-1 


r(D.^2)2“^^ 


.-r^/20^ 


By  tranaformatlon  of  variable  the  density  function  for  R  Is 

.  2-  /ox“/2-3>°2  9 

-  /_x  d  r  L  /_2/_2,  2r  1  \ 


r(n/2)2’ 


r-^  ,-r^/2o^ 

^■7" 


Therefore  the  density  fvmctlon  of  the  rendom  variable  R^  is 

n-1  2/-  2 

t  it)  .n  i 
n'  '  n  n 
a 

where 

Id  particular  we  have  for  n  ■  1,  2,  3 

2/-  2 


^  r(  1/2)2*^'^  ®  ° 

f  1  r  -r^/2o^  r  -r^/2ff^ 

"  r(T7~^*  ""5"* 


r  >  0  (2) 

(5) 

.2  2 


1  r^  -r^/2a^  [F  r^  -r^/2o^ 

‘1*7* 


Since  r(l/2)  -  t{^/®  andr(t  +  1)  -  tPCt)  for  t>0. 
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Thi  ouBulJitlv«  distribution  of  tha  rmndoa  variabls  Rjj  i* 


j  I  n-1  ^ /2  ^ 

rjr)  .  P(R„  £  r)  -  /  fjj(u)du  -  j  o^  e'"  '  ®  du. 


2  2 

Letting  t  -  u  /2o  W8  get 

2,„  2 

r  /2a 


^(.-2)/2  ,.t  .  a 


r(“/2) 


.n/2-1  -t  . 

t  '  e  dt 


-  2 


r(n/2) 


Vbere  CCu)  is  the  incomplete  Osssis  function. 

w 

nMrefore 

T(r)  -  2l(r^/2o^,  n/2)  r  >  0  (k) 

n 

vhere  l(t,u)  is  the  inoomplete  Oahm  function  ratio. 

In  pertioulsr  ue  have  for  n  •  1,  2,  5 


7^(r)  -  2l{r^/2o^,  l/2) 
72(r)  -  2l(r^/2o^,  1) 
r^{r)  .  2l(r^/2o^,  5/2). 


Hoeever,  we  will  derive  other  expressions  for  the  cunnilative  dis¬ 
tribution  functions  and  density  functions  ^ieh  vUl  permit  their  graphs 
to  be  plotted  more  easily  frosi  available  tables. 


When  D  •  1  haw 


f  f  2,^_2 

F^(r).y  Tjfi 

0  0 


<;  j.  -u  /iJCT  . 

-  a  '  du. 


Lattlng  t  •  u/o  w  gat 


'!(■•>  -ir  j  •■*  -^iF  I 


/2 


dt. 


0 


Tharafora  tha  cwulatlw  dlstribu‘*^'QQ  funetioo  of  la 


F^(r)  -  2j(i*/o) 

vhara  x 

J(x)  -  j  g(t)dt. 
0 

Thus  tha  danaity  funetioo  of  la 


(5) 


fl(r)  -  I  g(r/o). 


(6) 


When  n  ■  2  we  have 
r 


2  2 

-  )  fgC^M^  •  /  ^ 


2  2 

Letting  t  ■  u  /2a  we  get 


F2(r)  - 


r^/2o^ 

r  -t 


r^/2a^ 


e  dt  •  -e 


0 


1  -  e 


2  2 
-T  l2o 


(7) 


Therafora  the  cumula' Ive  dlatributioo  functlcKi  of  R^  la 


(8) 


This  esa  b«  rsvrlttsn  as 
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*  1  --faT g(r/a). 
Thus  tbs  dsnsltjr  fuDOtloo  of  R2 

fj(r)  -  -■>&  .*^>(r/»). 


Ubsn  n  ■  3  vs  bars 
r 


Fj(r)  -  I  fj(u)du  - 


— ’  2 

2  .-u 

i«.7 


du. 


(9) 


(10) 


LattlBf  t  •  u/o  vs  gst 


r/a 


IntsgratloB  bjr  parts  girts 

V'’  •ill*  “■*' 


r/ff  r/ff 


/2 


It 


Thsrsfort  the  eissulatlvs  distrlbutloo  funetioo  of  Is 

2 

F^(r)  .  2J(r/(j)  - 

This  esB  bs  rsvrlttsn  as. 


Fj(r)  .  2J(r/o) 


rN 


VST 


(u) 
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in,  IXPiCTATIClf  AND  gnunWOP  BgVIATIOil  or  MI  RADIAL  BCROB 


Hav-f  UK  ?i3t£  thS  SSpwSwwwlCSl  SSm  whiS  SmSsSm^  AstIsvIw  «m 


rsndoB  vmrlabl*  R  .  Th«  first 

Q 


t  of  Rj^  !• 


M  »  2  2 

*<»»)  -  j  *■  'n*')  ^  *  J  ‘n 
0  0  ® 


r  n  2/-  2 
.  r  -r  /2<j 

dr  •  e  — =—  e  ' 

IX  n 

j  a 


Lotting  t  •  r/(2o)^^^  so  got 


B(R„ ).  02^/2  * 


-t2..  o2*^/2^V2  ^ 


e  /  t“  o  dt  -  — 

°  /  Rn 


-T  |rfn  ♦  l)/2] 


^1/2  rr(n  D/al  _ 

•  2  — ^n-TArr^^-~  o. 


Therofore  the  expeect«tia&  of  1  is 

n 


vhoro 


•  V 


o_  •  2^/^ 


n  ♦  1)/2J 


r(n/2) 


In  portleular  no  hove  for  n  •  1,  2,  3 


‘"if  <’‘°-f979o 
Ug  -  2^/^  ^  •■{F  ° 

Uj  .  2^/^  *  ^-5958  a. 


I — I 

o  <T  i  1.2535  o 


e-29-9 
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’nx«  Moocd  aonent  of  1« 


2(R^)  -  J  f^(r)  dr  - 


i  ^  dr 
0 


0 

"  J  / 
0 


Letting  t  •  r^/2o^  ve  get 


B(R^)  -  2  n/2  n 

«  dt  -  a  2”/^'  c^r(n/2  ^  1) 


22^/2 


r(n/2)2“/^^ 

the  second  raoment  is 


^r(a/2  ♦  1)  •  - i ^  -  Hn/p)  ^  2 

fW^^  ^  a  -  no  . 


8(Rf )  •  no^. 


The  variance  of  R  !§ 


V(Rj^)  •  E(R^)  .  S^(R^)  .  no^  -  (•  o)^  .  (n  -  o  2)  5,2 


Therefore 


Inhere 


2  2 
■'’n 


V  -0-2 
n  ^ 


In  pertleular 

r 


i  r  [(p  ♦  i)/2j  ] 

(  r(n/2)  I 


I  -  2  SHrr  -  M  2,  2  . 


fl/2)  I  r  •  (i  -  J)  i  0,3654  o^ 
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•  12  -  2 


5  -  2 


n3/2) 

Hi)  J  j 


j  ■? 


(j^  -  (2  -  |)  *  0>292 


2^ 


liiL]  /.O. 

r(5/2)l 


^^555  0^. 


nMr«for«  the  etend«rd  derletioB  of  R  li 

n 


vhere 


"n  *  Si  ° 


1 

n  n 


In  partieular  we  hevw  for  n  •  1,  2,  3 

,  2 

^l  -  (1  -  J)  ff  i  0.6028  a 

-  (2  -  |)  (T  i  0.6951  0 

8 

«5  -  (3  -  -)  0  i  0.6T3J»  0. 


(19) 


(20) 


r 


<  -  ■/ 


XV.  MIDLAH  or  TBS  RADIAL  ERROR 


Tte  Mdiac  of  th«  r«ndon  raLriablo  R^  in  dofliMid  by  tbt 


«qoati«B 


^  'S.>  - 

Vfe  vlU  solvti.  this  Aquation  in  tba  ooa,  two,  and  thrAA'dlMzisianal  cams. 
Whan  n  «  1  ws  hav«  fron  (^)  that 
Fj^(r)  •  2J(r/o). 

Tba  awdian  cr^  satlsflas 

1/2  -  r^(a^)  -  2J(a^/o) 


or 


J(a^/<T)  -  1/^.  (21) 

RatMA  from  tablas  of  the  standard  Gaoaaian  distribution  function  ws  gat 
the  appraxiaatioQ 


a^/a  i  0.67^5. 

Therefore  the  mdlan  of  is 

ci^  « 

vhere 

•  0,67^5* 

Whan  n  •  2  ua  have  firon  (9)  that 

F2(r)  -  1  -i2»  g(r/o). 

The  laadian  aatisfies 

1/2  -  »  1  -"/l^’^gCa^/o). 


(22) 

(23) 


sia^/a)  - 


Thus 


2>br 


i  0.199^7. 


HonQ«  frOM  tAbla«  of  the  ttaadard  Geusaian  denaity  funetloe  ws  get  tne 


ap^praatlMtlon 

a^/o  i  1.77^  . 

?bai*efo7«  the  aedlan  of  R  ia 

2 

Og  •  a^a  (2»^) 

where 

Ag  •  1.177^  (25) 

We  could  have  uaed  (7)  directly  to  get  the  exact  expresaioD 

-VsToi^ o.  (26) 

ProM  thla  we  aee  that  in  teraa  of  eunulatlTe  diatribution  fU2)CtiaD 

of  R-  ia 

2/2 

r^(r)  m  P(R^  W)  -  1  -  2""“  .  (27) 

It  ia  intereating  to  note  that  no  aueh  exact  expreaaiana  can  be  found  when 
n  tt  1,  3  alnee  teronfiae  integration  of  the  infinite  aeriea  involved  yielda 
an  infinite  aeriea  whoee  root  oan  not  be  given  in  eloaed  fora* 

When  n  •  3  we  have  fron  (12)  that 


j(r)  •  2  j^J(r/o)  >*.  g^^^(r/o)  . 


The  aedlan  ct^  aatiafiea 


or 


1/2  -  r^(a^)  -  2  J(a^/o)  ♦  g^^^(a5/(y) 


J(q^/(7)  g^^^(a^/<j)  -  1/^. 


(28) 


Renee  froa  tablea  of  the  atandaurd  Geuaaian  denaity  function  we  get  the 


ApproKiaation 


Therefore 


vhar« 


OL^/a  i  1.5582. 

ther  lasdlan  of  is 

^  (29) 

i  1.5582.  (50) 


V.  STATOARD  RADIAL  ERROR 
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G«uctl«tt  tUodiurd  darlation  rath«r  than  th*  radial  arror  Itaalf,  ut  tha 
raadm  rarlabla 


Sn  - 

daaota  tba  standard  radial  arror.  Tba  camiiatiYa  diatrUmtlno  ftBctian 

of  tha  randoM  varirbla  S  ia 

& 

V*)  .  P{3^  i  •)  -  ?(K^/a  i  il  .  p(Ii^  i  0.)  .  T^(„) 

Tharafora,  froa  (l>)  aa  gat 


H„(«)  -  ei(.®/a,  ii/2).  .  i  0  (31) 

Than,  by  using  (5),  (9),  «ad  (12)  aa  find  that 
H3^(s)-2J(s) 

H2(s)  •  1  •y/Si  g(s) 

H,(i)  -  2[j(.)  ♦  . 

Thaaa  atanlatiaa  distributicn  funotioos  ara  graphad  in  Fig,  1,  Tha 
dansity  funotion  of  tha  randoa  rariabla  S  is 


Tharafora,  fro*  (2)  aa  gat 

^-(•)  •  c  s°*^  a’* 
u  n 

Thao,  by  using  (6),  (10),  s&i  (15)  aa  find  that 

V*^  *  aK(») 


a  fjj(o»). 


s  -  0 


(52) 


^2^*)  *  -VS*  g^^^(s) 

-  2[f(«)  *  «^^^(i)j  . 


01- 
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nwM  dMuity  funetlana  ar*  graphad  la  rig.  2. 


Trxm  (lU^)  tbm  axpaetatloa  of  S_  la 

D 

-  *. 

ftcm  (17)  and  (19)  tha  rmrlaaea  and  atandard  davlatlon  of  ara, 

V(8  )  -  ▼ 


D(3„)  -  d„. 

rna  (2d),  ul  (27)  tb*  atdlu  of  S  U 

D 

>«».) '  *„• 

Tabla  1  auMarlua  tha  partinaat  atatlatlaal  eoeataata  aad  Tabla 
tha  ooavaralon  faetora  that  iatar-ralata  thaaa  eonataata. 


Tabla  1 

Statlitioal  Cooitaata 


0 

a 

'^a 

a 

a 

0,7979 

0.565^ 

0.6026 

0.671*5 

1.2555 

O.H292 

0.6551 

1.1771* 

1.5958 

0.1*555 

O.675I* 

1.5582 

(55) 

raaYaotlval3r, 

(5^) 

(55) 

(56) 

2  glraa 


5 
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Tikbl*  2 

CoBTcrsiOB  Faetor* 


-  0.79799  -  l.lBjOa^ 

-  0.67^«  • 

a  -  l.W26a^  -  l.ZJJVj, 

Hg  -  1.25559  -  1.06%5a2 

Og  -  l.lTT^ff  -  0. 959^^2  -  1.7>*56aj^ 

0  -  0.8%95a2  •  0.7979H2 

Uj  ■  1.59569  -  1.057Vaj 

aj  -  1.55829  -  O.9659U5  -  2.26050^ 

9  ■  0*65010^  •  0.6267m^ 
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VI. 


Por  iMT  gMalag  purposeM,  the  <i*toMitloo  point  of  tho  weapon  can  b« 
dctaimlnad  by  randon  MLapllng  from  Ju>t  three  inputi; 

(1)  aiming  point 

(2)  direction  of  approach 

(3)  neans  of  delivery. 

These  give,  respectively: 

(!')  origin  of  the  coordinate  system 

(2')  orientation  of  the  coordinate  system 

(5* )  median  radial  error  of  the  weapon. 

Pro*  the  aiming  point  the  origin  of  an  n-dlmenslonal  rectangular 
coordinate  system  Y^,  ....  Is  located.  From  the  dlreetloo  of  approach 
to  the  target  the  axes  Yj^,  ...,  Y^^  are  oriented  so  that  one  of  them,  sajr 
Y^,  lies  along  the  approach  dlreetlon.  From  the  means  of  delivery  of  the 
weapon  the  median  radial  error  la  ohoaen.  The  median  radial  error  is  the 
radius  of  the  n- sphere  vlthln  which  the  weapon  has  a  30^ /o  probability  of 
detonating.  Nov  it  is  assumed  that  the  radial  error  has  on  n-dlmenaional 
spherical  Oauaslan  distribution  oentered  at  the  aiming  point  as  an  origin 
and  scaled  by  the  standard  deviation  o.  But  It  was  shown  sarler  that  ci^ 
Is  related  to  a  by  the  equation 


a  •  a  0 

n  0 


(37) 


where  a  Is  a  known  constant  and  0  is  the  stasdsurd  deviation  of  the  one- 


n 

dimensional  Oauaslan  distributions  that  compose  the  n-dlmenslonal  spberleal 
Oausslsn  distribution.  Henes,  knowing  and  a^  we  solve  (37)  for  o.  This 
datermlnsB  which  Oausslsn  ourrs  governs  the  dlstributlin  of  the  detonation 
point  along  each  of  the  axes  Y^,  ..., 


Y  . 

n 
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Pros  a  table  of  ataodard  (l.e.,  aero  expectation  and  unit  variance) 
Oauealan  raxidOB  nunbere  ve  aeleet  n  nuabere  x^.  Nov  If  c  >  1 

these  Duabera  vould  aufficoi  but  in  general  ve  muat  uae  a  aa  a  aoallng 
oonataat  and  deteralne  the  rectan^;ular  coordlnatea  of  the 

datanatlOD  point  fron  the  equatlooa 

"  ^^i  ^  •••#  ^  (5^) 

Because  of  (22),  (38)  becoaes 

/  X 

^  ^  •••»  (39) 

D 

and  ws  plot  the  desired  detonation  point  (y^,  y^). 

The  foUotfing  exsaple  illustrates  the  aethod  vhen  n  ■  2.  Given  an 
aiming  point,  a  direction  of  approach  froai  West  to  Bast,  and  a  CEP  of  130O 
feet,  wa  statistically  determine  the  detonation  point  as  follows: 

Prom  (37)  va  find 


Selecting  two  o\abers  from  the  table  of  standard  Oauealan  random  n\abers 
ae  gat 


Bande  from  (59)  W  have 


-  1.050 
0.537 


•  at^  m  -  1510  ft 
y^  -  0*2  -  685  ft 

ableh  era  plotted  in  Pig.  5. 


4- 1000 


Drtonatloo 
■  Point 


Radial 

.Irror 


N 


Aiming 

Point 


loec 


Y 


ng.  5  -  Plot  of  radial  arror  id^n  n  >  2 
Tha  Mthod  for  thr««>dlmatiilaiial  waaponj  »\Mh  aa  roekata  or  torpedoaa 
la  aaalogoua.  Vban  n  >  3  v«  fijid  fron  (37)  that 


la  tha  propar  ralatloc.  We  aalact  three  nvad)era  Xg,  froai  tha  tahla 
of  atandard  Oauaaian  random  madMra*  They  are  cooYerted  to  by 

maana  of  (59).  Pinal ly ,  tha  datooatlon  point  (y^^,  y^,  y^)  la  plotted  in 
tha  threa-dlmanaioQal  apace  vith  origin  at  the  poist  and  vlth  tha 

7^  axia  along  the  approach  direction. 

The  foregoing  atatiatiaal  method  appliaa  to  non-groaa  weapon  arrora. 

Wa  night,  for  war  gaming  purpoeea,  dafloa  a  groea  arror  by  maana  of  tha 
aq;uationa 

Pi  -  1-1/  ...»  n  (bo) 

and  regard  it  aa  a  raodom  eTaat  following  aoaa  given  probability  diatribotion. 
Por  example,  if  it  la  aaaiawd  that  tha  probability  of  a  groaa  error  la 
0.1,  .then  a  table  of  miform  (i.e,,  a(ial>probabla )  randoa  dlgita  la  uaed 
to  aampla  atatiatlcally  aa  follova.  If  a  waapana  are  to  be  uaed,  then  a 
dlgita  are  aelacted  lj*dapendantly,  and  only  if  a  digit  ia  xero  (aay)  ia  the 
Qorreaponding  attack  ruled  a  groea  arror. 
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